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Abstract: The main focus of this paper is to investigate
the mathematical contribution for the analysis and
design of control system and thus make the class room
teaching more interesting. History of engineering
science is replete with the example of many complex
topics which without illustrating its evolutionary
details make the subject boring and monotonous. So
here in this paper, a few examples are taken to
substantiate the essence of the topic. For example the
evolutionary details of optimal control, Laplace
transform and Nyquist stability criterion, interval
polynomial etc. has been discussed. This paper is
culmination of practical experience as to how the
evolutionary details of complex subject makes the
lecture pedagogically stimulating. Eventually the
arousal of natural interest in every topic is the basic
purpose of any teacher and in that direction a novel
idea has been conceptualized through this paper.
Keywords: Brachistochrone problem, Calculus of
variation, Lagrange- Euler equation, Laplace
transform, Nyquist, Cauchy’s Mapping Theorem,
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1.

Introduction

From time immemorial our ancestors faced many
predicaments and hardships and endeavoured diligently
in an unswerving way which eventually culminated in
the form of modern science and technology. We have
reached to this amazing level of science only exploiting a
negligible fraction of this huge population. If negligible
fraction of population could bring about this form of
scientific spectacle then what will happen if substantive
fraction of human population may synergistically be
energized to pay undivided attention towards science and
technology. It has been observed that in order to
understand the complex aspect of science and
technology, we require paradigm change in the
pedagogy. It is worth noting that if we really want the
education of science and technology accessible to larger
portions of masses then we need to kindle the interest
towards science. In order to kindle the interest of
students towards science we have to make him/her
understand even the complex aspect of science in a
simpler and stimulating way [1-3].
One great physicist Henry Poincare once said- “We study
nature because nature is interesting, if it were not
interesting why would have we studied it”. But ironically
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many students are not finding study of science interesting
because of lack of the historical background of the
complex topic which adds a new cap to feather and
makes the class teaching highly motivating and
stimulating. This is aim of good pedagogy too. It is
conviction of many pragmatic souls that even the
complex topic may be comprehended by taking recourse
to simple examples and providing evolutionary
background of the sophisticated topic. It is commonly
said that Newton like scientist are not made rather they
are born. So likewise each person is not ordained with
this sort of ingenious and dexterous brain but even so
their dormant talent may be stirred up by bringing about
magical change in the pedagogy so that teachers may be
accordingly trained towards making science funny,
interesting and inquisitive. Here, by taking several
examples it has been tried to portray that how the fear
towards study of even the harder subject may be allayed
completely by pedagogical improvement [4-6].
The design of modern control approach which takes into
account time and energy minimization requires optimal
controller. The evolution of optimal control approach has
been engendered from calculus of variation [7-18]. If it
was not for the spontaneous emergence of
Brachistochrone problem in the mind of Johann Bernoulli,
evolution of calculus of variation and hence the optimal
control would not have been possible and all
aforementioned potential realm of research would not
have taken place [19, 23]. Thus the Brachistochrone
problem heralded the evolution of optimal control law.
The solution of the problem was found to be cycloid and
hence known as the brachistochrone curve also by virtue
of being the fastest curve [19-24].
Borschbach et al has presented the role of an
evolutionary solution for the Brachistochrone problem
[17]. Desiax et al has presented the evolutionary
contribution of Brachistochrone problem for variational
calculus [18]. Many authors have presented the work
related to Brachistochrone problem, variational calculus
and optimal control [25-32]. Variational calculus was
later on found to be a powerful tool in mathematics and
engineering and find potential applications in almost all
realm of modern control engineering. The necessity of the
subject can by no means be underrated notwithstanding
the widespread application of computer in applied
mathematics and engineering field. This was the potential
reason as to why brachistochrone problem may be
regarded as the mother of variational calculus which
enchanted the entire scientific and mathematical world
after its evolution in the late 17th century [27-30].
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In this paper, analogical interpretation and evolution
of calculus of variation from classical differential calculus
has been elegantly presented. Solution of a simple
variational problem i.e. the functional of a single function
requires from the fundamental principle of calculus of
variation that the variation should be zero and that
eventually culminates to Euler-Lagrange equation. In
order to arrive at the Euler-Lagrange equation from
fundamental principle of calculus of variation,
everywhere in the literature, integrand has been expanded
about the operating point in Taylor’s series and
subsequently the linear terms are retained and higher
order terms are rejected [21, 22]. Doing this is very
lengthy so taking analogy from the classical differential
calculus a novel expression for variation has been
elegantly arrived at which when equated to zero extracts
the Euler-Lagrange equation in a few steps. As EulerLagrange equation plays crucial role in the application of
calculus of variational approach to addressing the optimal
control problem, this analogically derived expression for
variation will expedite the work to a great extent [31-36].
2.

Birth of optimal control from Brachistochrone
problem
Calculus of variations paved the way for solving
numerous kind of optimization problems encompassing
prodigious fields. The very first person to conceptualize a
problem which could easily have been solved by calculus
of variation was Queen Dido of Carthage. Queen Dido
was promised all the land she could at the most enclose
with a bull’s hides. It is said that she cleverly cut the bull
hide into many piece and tied the end of all lengths
together. After doing this, her next problem was to get the
closed curve having fixed perimeter which must enclose
maximum area [12]. The obvious answer is circle which
satisfied the condition of the problem. Her problem could
be easily solved by calculus of variations.
Another problem of historical importance is the
Brachistochrone problem conceptualized by J. Bernoulli
in 1696. The solution of the problem, a cycloid lying in
the vertical plane, is credited to many mathematician such
as Johann Bernoulli and Newton [22]. In Dido’s and
Brachistochrone problem, curves are desired that make
some criterion to take minimum values. There is a great
analogical link of this problem with the optimal control
problem, where also the basic purpose is to seek a control
function worthy to minimize a performance measure.
Modeling of Brachistochrone problem and
consequently the solution is found by Euler-Lagrange
equation. Hence, for checking the veracity of the solution
curve, different other curves along with cycloid is taken,
and time taken between two points, along all the curves
are computed and compared. After comparison, it is found
that the cycloid path takes least time.
2.1

Fundamental Concepts

There lies a great deal of analogy between differential
calculus and variational calculus. In variational calculus
or any kind of optimal control problems, the objective is
to determine a function that optimizes a functional or
performance measure. The corresponding analogous
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problem in differential calculus is to find a point that
gives the minimum value of a function.
2.1.1
Definition of Function and Functional
A function is a mapping from each element of set 𝐷,
to a unique element of set 𝑅. 𝐷 is known as the domain of
and 𝑅 is known as the range. Similarly, a functional 𝐽
is a mapping from each function 𝒙 of a certain class 𝜴 to
a unique real number. 𝜴 is known as domain of the
functional and the set of real number mapped with the
functions in 𝛺 is known as range of functional. Intuitively
it can be said that a functional is a “function of a
function”
2.1.2
Increment of a Function and Functional
In order to consider extreme value of a function, an
increment is defined as
∆

,∆

≜

∆𝐽

,∆

≜𝐽

+∆

−

(1)

−𝐽

(2)

Analogically, the increment of a functional 𝐽 may be
defined as

2.2

+𝛿

Analogy between Differential and Variation

The variation analogically plays the same role in finding
extremal of a functional as the differential plays in
determining the maxima and minima of functions.
2.2.1
Differential and Analogical definition of
Variation
Fig. 1 gives a geometrical implication of the increment
∆ , the differential , and the derivative ′ .

Fig. 1 Geometrical interpretation of ∆ ,

The increment of a function of
as
∆

,∆

=

,∆

+

, ′

variable can be written

, ∆ ‖∆ ‖

(3)

and for one variable same can be written as
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, ∆ ‖∆ ‖

(4)

,∆ } =

(5)

′

(6)

is linear function of ∆ , if

where

lim {

‖∆ ‖→

Differential of
expressed as

at point

and the differential can be

,∆

=

∆

,∆

= lim ∆

Figure 2.1 gives a geometrical implication of the
increment ∆ , differential
, and the derivative ′.
Hence,
‖∆ ‖→

In particular, if
is a function of
differential
is expressed as
=

𝜕

𝜕

∆

+

𝜕

∆

𝜕

+ ………+

𝜕

𝜕 𝑛

,∆

(7)

variables, the

∆

(8)

It is convenient to evolve a formal analogical procedure
for evolving the variation of a functional as given below.
The increment of a functional of
variable can be
analogically written from eq. (3) as
∆𝐽

,∆

= 𝛿𝐽

,∆

+

, ∆ ‖∆ ‖

(9)

,∆ } =

(10)

Where 𝛿𝐽 is linear in 𝛿 . Now if
‖∆ ‖→

{

In equation (9), 𝛿𝐽 is the variation of functional 𝐽.
Analogical procedure for evolving the variation is
developed as follows.

𝛿𝐽 = ∫ 𝑓 [
2.3

𝜕𝐽

𝜕

∆

𝛿𝐽
+

,∆

𝜕𝐽

𝜕

∆

= lim ∆𝐽
‖∆ ‖→

+ ………+

,∆

𝜕𝐽

𝜕 𝑛

∆

(11)
]

(12)

Basic Theorem of Calculus of Variation

The basic theorem used in getting minima or maxima of
functions stipulates that the differential be zero at an
extreme point. The analogous theorem for getting extreme
value of functional is that the variation must be zero on an
extremal curve.
If ∗ is an extremal curve, the variation of functional 𝐽
must vanish on the extremal curve ∗
𝛿𝐽 ∗ , 𝛿 =
(13)
This is nothing but the fundamental theorem of calculus
of variation.
2.4
Application of Fundamental Theorem of
Calculus of Variation to the Functional of a Single
Function: Euler’s Equation
Fundamental theorem of calculus of variation is used to
find extremal curve for the functional of a single function
as follows.
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2.4.1
The Simplest Variational Problem
If is a scalar function with continuous first derivatives.
It is desired to find the extremal function ∗ which
minimizes the functional
𝐽
=∫𝑓
,
,
(14)
End points are fixed. In order to find the solution, the
basic theorem of calculus of variation is applied.
Revisiting eq. (13), and applying eq. (12) to the simplest
problem (14) we get
𝜕

𝜕

𝛿𝐽 = ∫ 𝑓 [ 𝛿 + 𝛿 ]
(15)
𝜕
𝜕
This after applying integral by parts to the second term,
further implies
𝑓 𝜕
𝑓 𝜕
𝛿𝐽 = ∫ [ 𝛿 ] + ∫ [ 𝛿 ]
𝜕
𝜕
𝑓 𝜕
𝑓 𝜕
=∫ [ 𝛿 ] +∫ [ 𝛿 ]
𝜕
𝜕
𝑓 𝜕
𝑓
𝜕
|𝛿 | 𝑓 − ∫ {
=∫ [ 𝛿 ] +
𝜕
𝜕

=

𝜕

𝜕

𝜕

𝑑

|𝛿 | 𝑓 + ∫ 𝑓 [ −
𝜕
𝑑

𝜕

𝜕
( )} 𝛿
𝜕

]𝛿

𝜕

(16)

For an extremal curve, the fundamental theorem on eq.
(16), gives
𝜕

𝜕

∗

,

∗

,

−

𝑑

𝑑

{

𝜕

𝜕

∗

,

∗

,

}=

(17)

for all belong to [ , ]. Equation (17) is called the
Euler-Lagrange Equation. Here it is seen that the
analogically derived expression (12) when applied to
simple variational problem (14) generated the Euler’s
equation in a few step unlike the existing method of
literature where, integrand is expanded about the
operating point in Taylor’s series and subsequently the
linear terms are retained and higher order terms are
rejected and thus becomes interminably lengthy. As
Euler-Lagrange equation plays crucial role in the
application of calculus of variational approach for
addressing the optimal control problems, this analogically
derived expression for variation will surely expedite the
work to a great extent.
In the following section some important problems are
solved by Euler-Lagrange equation.
3.

FEW COMMON EXAMPLES TO TEST THE
EFFICACY OF VARIATIONAL APPROACH
Here some interesting examples have been taken to
highlight the indispensability of variational approach for
solving these problems which otherwise could not have
been solved by classical approach. Though the credit for
the discovery of variational calculus goes to
Brachistochrone problem, yet after its evolution it began
to be fascinatingly applied to solve many problems
though intriguing yet very practical and indispensable
from the viewpoint of modern control design requirement.
Ex. 1: Smallest distance between two points in a plane
Arc length
in a plane may be given as
=√

+

(15)
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And the length of any curve going between points 1 & 2
is
𝐽

= ∫ √ +

=∫

𝑑

𝑑

(16)

Now using Euler equation for minimizing the functional
J y ,
𝜕
𝑑 𝜕
−
=
(17)
𝜕

where,

𝑑

𝜕

=√ +

Now here we get 𝜕 /𝜕 =
𝜕

and

𝜕

=

𝑑

𝜕

𝑑

𝜕

4.

(18)

, and

√ +

=

This after solution becomes
−
=
ℎ
(27)
Which is the equation of a catenary. It is worth noting that
these kind of fascinating mathematical problems would
not have been solved without the evolution of variational
calculus. In the next section Brachistochrone problem and
its solution by variational approach is presented.

√ +

BRACHISTOCHRONE PROBLEM AND ITS
SOLUTION BY VARIATIONAL APPROACH

4.1
(19)
(20)

Modeling of Brachistochrone Problem

Under the gravity, the bead moves between fixed end
points 1 & 2. The problem here is to get the shape of the
wire that makes bead to move from 1 to 2 in fig. 3 in
minimum time.

Putting all these values from eq. (18) through eq. (20) into
eq. (17) we get,
= or =
This implies that
=
+
(21)

1

Bead

This is an equation that represents a straight line.

2
Ex. 2: Minimum surface area of revolution
In order to form some surface of revolution, two fixed end
points
x , y and
x , y are taken and revolved
around the axis. The problem is to get that curve which
when revolved around
axis, generates a minimum
surface area. The corresponding fig. 2 pertains to this
problem.
The area of a small strip of the surface is
(22)
= 𝜋 √ +
and the total area is
(23)
= 𝜋∫ √ +
applying Euler’s equation again where
= √ +
(24)
We get,

𝜕
𝜕

= , and
𝜕

𝜕

=

(25)

√ +

𝑑

(

√ +

)=

The problem is then to minimize of the integral
=∫
=∫
/
(28)
Energy of the particle can be written as /
=
which implies that = √
hence from eq. (28) we
obtain the functional as

t12  

2

1

1  y'2
dx
2 gy

(26)

(29)

d  f  f



dx 
 y '  y
Where

(30)

is expressed as

f ( y, y ' ) 

Hence from the Euler equation, we get
𝑑

Fig. 3. Brachistochrone curve

1  y'2
2 gy

(31)
This is required mathematical modeling for the solution of
brachistochrone problem.
4.2

Solution of Brachistochrone Problem

Fom eq. (31) we get

f

y '

y'
y 1  y'2

(32)

hence

d  f 
 
dx  y' 

y' '
y 1  y '2



y '2
2 y 3 / 2 1  y '2



y '2 y ' '
y (1  y'2 ) 3 / 2
(33)

Fig. 2 Minimum surface of revolution
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theorem. Cauchy’s theorem is mathematically expressed
as
(34)
∮𝐹

Which implies the solution as

K
K
x  C  (  sin  ), y  (1  cos  )
2
2
(35)
Equation (35) represents the equation of cycloid.
The motivation and inspiration for the design of modern
controller such as optimal controller came from
brachistochrone problem whose mathematical modeling
involves functional.
5. Evolution of other Mathematical Topics of Interest
5.1 Evolution of Laplace and Z-Transform
As it is well known fact that Laplace and Z transform
plays indispensable role for solving integro-differential
and summation-difference equation. Evolution of Laplace
and Z-Transform are evolved from Fourier series
representation. But ironically for many students, in many
book these two precious topics are just defined which
doesn’t give any idea about their evolution history which
makes the students monotonous to these topics. In fact
Fourier series representation in continuous time domain is
extended to continuous time Fourier transform (CTFT)
and then CTFT is further extended to Laplace Transform.
Similarly, Fourier series representation in discrete time
domain is extended to discrete time Fourier transform
(DTFT) and then CTFT is further extended to Z
Transform.
As it is well known fact that when we define any
physical quantity, it means that it doesn’t have any proof.
For example angle is defined as the ratio of arc and radius
i.e. 𝜃 = 𝐿/𝑅 which means that it is beyond proof.
Similarly, in three dimensional geometry solid angle is
defined as the ratio of small area on spherical surface and
square of radius i.e.
= 𝐿/𝑅 also means that it has
not any proof. Hence if Laplace and Z transform have
proof of derivation then it is not justified to define it for
engineering students because this way we are imposing
something on him and make them losing their interest in
such otherwise important and interesting topic.
5.2 Evolution of Nyquist stability criterion
Here attention is laid on another usefulness of complex
variable for evolution of stability criterion in control
system. In fact cauchy’s mapping theorem also known as
principle of argument is entirely a pure mathematics but
harnessed elegantly by Nyquist to propound the stability
theorem popularly known as Nyquist stability criterion.
Principle of argument or Cauchy’s Mapping theorem
deals with the symbiotic relation between the mapping of
closed loop s-plane contour and the corresponding 𝐹
plane contour [34].
According to this theorem 𝑁 = − 𝑃, where 𝑁
is the number of encirclement of origin of 𝐹
plane
contour, is number of zeros and 𝑃 is number of poles of
𝐹
encircled by s-plane contour. This could be proved
by the application of Cauchy’s theorem and residue
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=

Where, 𝐹
is analytic within and on the closed contour.
If 𝐹
is written as
𝐹

+
+

=

+
+

. . .
𝑋
. . .

Where 𝑋
is analytic in the closed contour in the splane all zeros and poles are located inside the contour.
The ratio 𝐹′ /𝐹
could be written as
𝐹′

=

𝐹

+

+

+

+. . . −

∮

𝐹′
𝐹

+

+

+. . . +

+

Residue theorem is mathematically expressed as

We have
∮

𝐹′
𝐹

=− 𝜋

=− 𝜋 [

+

𝐹

and

𝐹′

/𝐹

= |𝐹|

𝐹

+

−𝑃

F(s) can be written as

𝑋

∑

+. . . −

=− 𝜋

𝑋′

+. . . ]

𝜃

|𝐹| + 𝜃

=

could be written as
𝐹′
𝐹

We obtain

or
∮

𝐹′
𝐹

𝐹′
𝐹

Thus we get

=
=

ln |𝐹
ln|𝐹| +

|

𝜃

= ∮ ln|𝐹| + ∮ 𝜃

= ∫ 𝜃= 𝜋 𝑃−
𝜃 −𝜃
=𝑃−
𝜋

Noting that N is the clockwise encirclement of the origin
of the F(s) plane, we obtain

Whence we get

𝜃 −𝜃
= −𝑁
𝜋
𝑁=

−𝑃
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[2]

Thus we see that how the mathematical concept of
complex variable is harnessed later on by Nyquist to
propound its own stability criterion. In the next section,
the concept of interval polynomial and Kharitonov
theorem is discussed.

[3]

[4]

5.3

Kharitonov’s Theorem [36]

Implication of Kharitonov’s Theorem
When the coefficients of characteristic equation are
constant it has only one polynomial and stability may be
easily found by Routh stability criterion. But when on the
other hand, the coefficients of characteristics equation are
not constants and assumes values within some interval, it
leads to the formulation of interval polynomial. Interval
polynomial constitutes infinite no of polynomial. Hence
in order to study the robust stability of interval
polynomial, Routh stability criterion has to be applied
infinite times which become an onerous task. In order to
deal with interval polynomial, Kharitonov theorem plays
pivotal roles.
If a family of polynomials is given by
−
−
+
+
+ ⋯+ − +
(36)
where
≤ ≤
, ≤ ≤ , Kharitonov theorem
says that the family of polynomials (36) will be stable if
and only if the following four polynomials are stable:
+
+
+
+

−

−

−

−

+
+
+
+

6. Conclusions

−

−

−

−

+
+
+
+

−

−

−

−

+
+
+
+

−

−

−

−

+⋯
+⋯
+⋯
+⋯

(37)
(38)
(39)
(40)

As a conclusion, it can be inferred that the main focus of
this paper is how to make class room teaching motivating
and interesting by heuristic investigation of mathematical
contribution for control system. History of engineering
science is replete with the example of many complex
topics which without illustrating its evolutionary details
make the subject boring and monotonous. So here in this
paper, a few examples are taken to substantiate the
essence of the topic. For example the evolutionary details
of optimal control, Laplace transform and Nyquist
stability criterion etc. has been discussed. This paper is
culmination of practical experience as to how the
evolutionary details of complex subject makes the lecture
pedagogically stimulating. Eventually the arousal of
natural interest in every topic is the basic purpose of any
teacher and in that direction a novel idea has been
conceptualized through this paper.

[5]

[6]

[7]

[8]
[9]

[10]

[11]
[12]
[13]
[14]

[15]

[16]

[17]

[18]

[19]

[20]

References
[1]

Jha, S. K. (2015)“Transforming Engineering
Education Exploiting Inveterate Symbiosis Between
Science and Spirituality,” Journal of Engineering
Education Transformation (JEET), Vol. 29, issue 2,
pp. 25-30.

Volume 7, Issue VII, JULY/2018

[21]

Jha, S. K. (2016) “Rote Learning: a Transcendental
Bridge between Science & Spirituality,” Journal of
Engineering Education Transformation (JEET), Vol.
29, issue 3.
Jha, S. K. (2016) “Transforming Engineering
Education by Making the Lecture Pedagogically
Attractive, Interesting and Stimulating,” Journal of
Engineering Education Transformation (JEET),
Special
Issue
2016.
DOI: 10.16920/jeet/2016/v0i0/85693
Jha, S. K. (2016) “Transforming Engineering
Education by Assimilating Quintessential Essence of
Spirituality for Impeccable Governance and
Leadership,” Journal of Engineering Education
Transformation (JEET), Special
issue 2016.
DOI: 10.16920/jeet/2016/v0i0/85635
Jha, S. K. (2016) “Metamorphosis of Engineering
Education by Entrepreneurship in the Field of Human
Resource Development (HRD),” Journal of
Engineering Education Transformation (JEET),
Special
Issue
2016.
DOI: 10.16920/jeet/2016/v0i0/85645
Jha, S. K. (2016) “Implication of Different Facets of
Entrepreneurship: What India Can Contribute to The
World?,” Journal of Advances in Economics and
Business Management (AEBM), Vol. 3, issue 5, pp.
454-459.
R. W. Brockett, “Poles, Zeros, and Feedback: State
Space Interpretation,” IEEE Transaction on
Automatic Control, AC-10 (2), pp. 129-135, 1965.
R. W. Brockett, Finite Dimensional Linear Systems,
John Wiley and Sons, New York, 1970.
J. C. Doyle, and G. Stein, “Multivariable Feedback
Design: Concepts for a Classical/Modern Synthesis,”
IEEE Transaction on Automatic Control, AC- 26 (1),
pp. 4-16, 1981.
J. S. Freudenberg and D. P. Looze, “Right Half Plane
Poles and Zeros and Design Tradeoffs in Feedback
Systems,” IEEE Transactions on automatic Control,
AC-30(6), pp. 555-565. 1985.
M. Gopal, Control Systems (Principles and Design),
Tata McGraw Hill, 2005.
R. C. Dorf and R. H. Bishop, Modern Control
Engineering, Eighth Edition, Addison Wesley, 1999.
A. S. Housholder, The Theory of Matrices in
Numerical Analysis, Dover, New York, 1964.
B. Friedland, Control System Design: An
Introduction to State-Space Methods, McGraw-Hill,
International Edition, Singapore, 1987.
Athans Michael, and Peter L .Flab, Optimal control:
An introduction to the theory and its Applications,
New York, McGraw Hill, 1966.
G. F. Franklin, J. D. Powell and A. E. Naeini,
Feedback Control of Dynamic Systems, 2nd ed.,
Addison Wesley, 1991.
M. Gopal, Digital Control and State Variable
Methods Conventional and Intelligent Control
System, Tata McGraw Hill Education Pte. Ltd., Third
Reprint, 2009.
George Stephanopoulos, Chemical Process Control
an Introduction to Theory and Practice, PHI Learning
Pvt. Ltd. New Delhi, 2012
D. Anderson, F. Anderson, P. Anderson, A.
Billander, M. Desiax, and M. Lisak, “The Optimal
Journey from A to B,” American Journal of Physics.
vol. 76, issue 9, pp. 863-866. Sept. 2008.
A. Ebrahimi, S. Ali, A. Moosavian, and M.
Mirshama, “Minimum Time Optimal Control of
Flexible Spececraft for Rotational Maneuvering,” In
Proc. of IEEE International Conference on Control
Applications, Taipei, Taiwan, pp. 961-967, Sept.
2004.
G. M. Siouris, An engineering approach to optimal
control and estimation theory, John Wiley and Sons.
New York. 1996.

Page No:706

International Journal of Research
[22]

[23]

[24]

[25]

[26]

[27]
[28]
[29]

[30]

[31]

[32]

[33]

[34]
[35]

[36]

ISSN NO : 2236-6124

D. E. Kirk, Optimal Control Theory: AN
INTRODUCTION, Prentice Hall, Englewood cliffs,
New Jersey, 1970.
Markus Borschbach and Winfried Dreckmann, “On
the Role of an Evolutionary Solution for the
Brachistochrone Problem,” In Proc. of IEEE
Congress on Evolutionary Computation, pp. 21882193, Sept. 2007.
M. Desaix, D. Anderson and M. Lisak, “The
Brachistochrone
Problem:an
introduction
to
variational calculus for undergraduate students,”
European Journal of Physics, pp. 857-864, July 2005.
J. C. Willems, “1696: The Birth of Optimal Control,”
In Proc. of the 35th Conference on Decision and
Control, Japan, pp. 1586-1587, Dec. 1996.
A. R. Arar, M. E. Sawan and R. A. Rob, “Design of
optimum control systems with eigen value placement
in a specified region,” Optimal Control Applications
and methods, vol-16, 149-154, 2005.
S. M. Shinners, Modern Control System Theory and
Design, John Wiley and sons, 1992.
Herbert Goldstein, Classical Mechanics, 3rd edition,
Pearson Publication, 2002.
S. C. Clipp, “Brachistochrone with coulomb
friction,” SIAM. Optimal Controls, vol. 35, no. 2. pp.
562-584, 1997.
S. K. Jha, H. Parthsarathy, J. R. P. Gupta and P.
Gaur,
“Verification
of
the
Veracity
of
Brachistochrone Curve and Evolution of Optimal
Control,” India International Conference on Power
Electronics (IICPE), N. Delhi, India, pp. 1-4, Jan.
2011.
Jha, S. K. Yadav, A. K. Gaur, Prerna and Gupta,
J.R.P. (2014) “Robust Stability Analysis of DC Servo
Motor for Attitude Control of Aircraft using
Arguon’s Theorem,” Journal of Control Engineering
and Technology, vol. 4, issue 2, pp. 127-134.
Jha, S. K. Yadav, A. K. Gaur, Prerna. Parthsarathy,
H. and Gupta, J.R.P. (2014), “Robust and Optimal
Control Analysis of Sun Seeker System,” Journal of
Control Engineering and Applied Informatics,
Vol.16, No.1, pp. 70-79.
Yadav, A. K. Gaur, Prerna. Jha, S. K. Gupta, J.R.P.
and Mittal, A. P. (2011), “Optimal Speed Control of
Hybrid Electric vehicle,” Journal of Power
Electronics, vol. 11, no. 4, pp. 393-400.
Ogata, K. (1997), Modern Control Engineering,
Prentice Hall, USA, Third Edition, 1997.
Pushpkant and Jha, S. K. (2013) “Performance
Analysis of Conventional, Modern and Intelligent
Control Techniques for Controlling CNC Machine
V. L. Kharitonov, “Asymptotic stability of an
equilibrium position of a family of systems of linear
differential equations,” Differ. Eq., vol. 14, pp. 20862088, 1978.

Volume 7, Issue VII, JULY/2018

Page No:707

